Quantum information processing exploits quantum superposition and entanglement to perform new modes of computation intrinsically different from what is possible in classical devices ͓1͔. A particularly versatile quantum subroutine is the "scattering" circuit ͓2͔ ͑Fig. 1͒, which is used in many applications in quantum computation and communication, e.g., Kitaev's solution to the Abelian stabilizer problem ͓3͔, the analysis of quantum algorithms ͓4͔, finding approximate eigenvalues of certain Hamiltonians ͓5͔, demonstrating tomography and spectroscopy as dual forms of quantum computation ͓2͔, quantum fingerprinting ͓6͔, direct estimations of linear and nonlinear functions of a quantum state ͓7͔, and direct detection of quantum entanglement ͓8͔. Here, we present an experimental implementation of the scattering circuit in nuclear magnetic resonance ͑NMR͒ ͓9͔, effectively creating a general purpose "quantum multimeter" and applying it to state/eigenvalue/eigenvector determination, overlap estimation, and a demonstration of quantum fingerprinting ͓10͔.
We implemented the circuit in liquid-state NMR using as qubits the three spin-1 2 carbon nuclei in a 13 C-labeled sample of alanine NH 3 + −C ␣ H͑C ␤ H 3 ͒ −CЈOOH in deuterated water. CЈ forms the ancilla system, which is denoted as control qubit-1. C ␣ and C ␤ form the target systems that are denoted as qubit-2 and qubit-3 ͑top, middle, and bottom lines in Fig.  1͒ . With decoupling of the protons, this spin system exhibits a weakly coupled spectrum corresponding to the Hamil-
, where k are rescaled Pauli matrices, i / ͑2͒ are Larmor frequencies, and J ij are spin-spin coupling constants. The experiments were carried out at the National Institute of Sciences of Nanyang Technological University on a Bruker Avance DMX400 spectrometer with a 5 mm probe in a field of roughly 9.4 T.
The frequency shifts of the other carbons with respect to the third are 12 609.6 Hz for the first and −3455.7 Hz for the second, while the coupling constants are J 12 = −1.2 Hz, J 23 = 35 Hz, and J 13 = 54 Hz. Longitudinal relaxation times ͑T 1 ͒ for all three spins exceeded 1.5 s, while the transverse relaxation times ͑T 2 ͒ were at least 420 ms.
Experimentally, the device is implemented in three steps. ͑i͒ Preparation of input ͉0͗͘0͉ a b . As standard, the density matrix of a qubit is represented by its Bloch vector r ជ and the Pauli matrices ជ = ͕ x , y , z ͖ as = ͑I + r ជ · ជ ͒ /2 ͑where I is the unit matrix͒. The length of the Bloch vector r is a measure of purity ͑pure r = 1 to maximally mixed r =0͒. We first use the spatial labeling method ͓11͔ to prepare the *Electronic address: djf@ustc.edu.cn qubit-2 and qubit-3, respectively, transforming
A pulsed field gradient ͑PFG͒ in the z axis is then applied to dephase off-diagonal elements of the density matrix leading to the state ͑I + ͱ 2 z 2 ͒ /2 ͑I + z 3 ͒ / 2. Finally, another spinselective rf pulse e −i y 3 /4 prepares the desired state. All spinselective pulses were Gaussian-shaped and had the same pulse duration 0.866 ms, with the rotation magnitude determined by the pulse power. ͑ii͒ Running the circuit. The single qubit gates H and gate have been realized in NMR ͓9͔. The three-qubit Fredkin gate ͓13͔ can be decomposed into one-and two-qubit gates ͓14-17͔. Another method is to directly construct multiqubit quantum gates by using low-power rf pulses on a single multiplet component ͓transition-selective excitation ͑TSE͔͒ ͓18͔.
We implement the circuit by the pulse sequence ͑L-R͒,
where R 1 ͑ /2͒ = e −i͑ x cos + y sin ͒/4 denotes a / 2 selective pulse that acts on qubit-1 about the axis x cos + ŷ sin , combining the first Hadamard and the gate in Fig. 1 . The next three transition pulses perform a modified Fredkin gate with a nontrivial phase factor ͓19͔. The duration of each Gaussian-shaped TSE pulse was 73.5 ms for sufficient selectivity in the frequency domain ͑for detailed analysis of TSE pulses, see ͓20͔͒.
͑iii͒ Measure the "probe" qubit-1. The final reduced density matrix of qubit-1 is 1 = ͩ 00 01 10 11
We obtain ͉P 0 − P 1 ͉ when the coefficient of z 1 / 2 is measured by first applying a PFG to remove the nondiagonal part of the density matrix, and then a pulse R /2 1 ͑ /2͒. The state of qubit-1 is now ͑ 00 − 11 ͒ x 1 /2+͑ 00 + 11 ͒I / 2. Since the identity matrix in NMR is not observable, the integral area of peaks of qubit-1 is now proportional to ͑ 00 − 11 ͒ = cos Tr͓ a b ͔. Practically, this is measured by integrating the entire multiplet and adding together the signals arising from the four components of qubit-1. Figure 2͑a͒ compares interference patterns from theory ͓7͔ and experiment, for both pure and mixed states.
We now use the scattering circuit as a quantum multimeter and perform quantum fingerprinting by suitable choice of input states a b . A multimeter can be used to estimate the properties of a quantum state, or compare two quantum states, which are basic quantum processing tasks. Quantum fingerprinting is a proof-in-principle of an exponential quantum/classical gap for the equality problem in the simultaneous message passing model of communication complexity ͓6,10,21͔. To cancel the effect of the additional phase factor induced by three TSE pulses, we set = / 4 and ␦ =3 / 2 in Eq. ͑1͒.
Multimeter for an unknown state. We detect an unknown qubit state of b and find its eigenvalue and eigenstate by respectively. The solid and dotted curves correspond to the theoretical interference pattern P 0 = ͑1 + cos Tr͓ a b ͔͒ / 2. Note that the additional phase factor induced by the three TSE pulses has no effect on the interference pattern since both Bloch vectors of the inputs a,b are in the z direction; the angle ␦ of the last pulse in Eq.
͑1͒ is set to / 2. It can be seen that the phase shift due to the SWAP operator is zero, and the visibility decreases when the input state changes from being pure ͑r =1͒ to mixed ͑r = ͱ 3/2͒. ͑b͒ The experimental visibilities Tr͓ a b ͔ measured when the pure state a ͑ , ͒ is scanned over the Bloch sphere by changing the angle and . using suitable input states a . We separately prepare three comparison states ͉ a ͗͘ a ͉ ͕͑I + x ͒ /2,͑I + y ͒ /2,͑I + z ͒ /2͖ as a . The visibility of qubit-1 in each run contains information of the unknown state b , which corresponds to the expectation value ͗ bi ͘ = ͑1+r bi ͒ /2, i = ͕x , y , z͖. Hence we can determine the density matrix exp of the unknown state from these three values. Experimentally, we test many "unknown quantum" states, evaluating the overall performance using the Uhlmann fidelity ͓22͔, F͓ b , exp ͔ =Tr͓ ͱͱ b exp ͱ b ͔͒ 2 , which gave an average fidelity F͓ b , exp ͔ = 0.98± 0.01.
We can also directly estimate eigenvalues and eigenvectors of b by scanning a = ͑I + r ជ a ជ ͒ /2, r ជ a = ͑cos cos , cos sin , sin ͒, with ranging from 0°to 180°in 15°steps, and from 0°to 345°with 15°steps. We then measure Tr͓ a b ͔, and find the minimum and maximum. The two extrema are the eigenvalues of the unknown state b , and the corresponding input states are its eigenvectors ͓Fig. 2͑b͔͒.
Multimeter for two unknown states. We can also compare two general quantum states. For pure states a = ͉␣͗͘␣͉ and b = ͉␤͗͘␤͉, the visibility of qubit-1 gives Tr͓ a b ͔ = ͦ͗␣ ͉ ␤ͦ͘ 2 , i.e., the orthogonality of ͉␣͘ and ͉␤͘. For mixed states, the visibility provides a measure of overlap Tr͓ a b ͔ between a and b . If a = b = , then Tr͓ a b ͔ =Tr͓ ͔ 2 , from which the purity of can be determined.
We prepare various states a and b as the inputs, apply the circuit, and measure their corresponding visibilities, i.e., the overlap Tr͓ a b ͔ = ͑1+r a r b cos ͒ / 2, where r a,b are the lengths of the Bloch vectors r ជ a,b , and is their included angle. Figure 3͑a͒ shows the experimental results comparing two quantum states a and b .
We can also directly estimate the purity of a mixed state by preparing a = b = ͑I + r z ͒ / 2, where r = cos ͑ = n /12,n =0,1, ... ,6͒ is the purity. For each mixed state, the visibility Tr͓ 2 ͔ = ͑1+r 2 ͒ / 2 is measured from which r can easily be extracted ͓Fig. 3͑b͔͒.
Quantum fingerprinting. Finally, we demonstrate quantum fingerprinting ͓6͔, for which Beaudrap ͓10͔ recently defined and presented one-qubit versions that outperform all classical one-bit schemes. We implement the scheme from ͓10͔ as follows.
Alice and Bob use the same set of pure states ͕͉ ͖͘ S as fingerprints. In particular, we set ͉S͉ = 6 and ͕͉ ͖͘ S = ͕͉ ± x͘ , ͉ ± y͘ , ͉ ± z͖͘. The absolute value of the inner product of any two distinct states does not exceed ͦ͗␣ ͉ ␤ͦ͘ ഛ ␦ =1/ ͱ 2.
Alice and Bob send to a referee their fingerprints, ͉ ␣ ͘ and ͉ ␤ ͘ randomly selected from S, who is required to distinguish between cases ␣ = ␤ and ␣ ␤. The referee puts the two states as the inputs ͕ a , b ͖ of the scattering circuit, from which the visibility of the first qubit gives Tr͓ a b ͔ = ͦ͗ ␣ ͉ ␤ ͦ͘ 2 . From experimental measurements of all 36 combinations, we obtain a maximum overlap of fingerprints of 0.54 when ␣ ␤. Hence, we obtain the experimental oneside error 0.77, while the theoretical one-side error is ͑1 + ␦ 2 ͒ / 2 = 0.75. The error probability is 1 for any classical one-bit fingerprinting with one-sided error.
The observable errors in the experiment come from pulse imperfections, both in the TSE and spin-selective pulses, variability over time of the measurement process, and rf field inhomogeneity. Since the T 2 relaxation times of the spins varied from 0.42 to 0.8 s compared to the experiment duration of 0.23 s, the net loss of magnetization due to relaxation is not negligible. This effect has been reduced by renormalizing the integration of the spectra during the measurement stage.
In conclusion, we have used a three-spin system and liquid-state NMR to demonstrate a proof-in-principle quantum device that is a building block of many quantum applications. This versatile circuit forms a quantum multimeter with a suitable choice of input states, allowing many different tasks to be performed with the same underlying "hardware." We test several quantum computation and quantum communication applications using this quantum multimeter, 
